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We consider the interaction of atoms with the quantized electromagnetic field in the presence 
of materials with negative index of refraction. Spontaneous emission of an atom embedded in a 
negative index material is discussed. It is shown furthermore that the possibility of a vanishing 
optical path length between two spatially separated points provided by these materials can lead to 
complete suppression of spontaneous emission of an atom in front of a perfect mirror even if the 
distance between atom and mirror is large compared to the transition wavelength. Two atoms put 
in the focal points of a lens formed by a parallel slab of ideal negative index material are shown 
to exhibit perfect sub- and superradiance. The maximum length scale in both cases is limited 
only by the propagation distance within the free-space radiative decay time. Limitations of the 
predicted effects arising from absorption, finite transversal extension and dispersion of the material 
are analyzed. 
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I. INTRODUCTION 

Since the early days of quantum electrodynamics it 
is well-known and appreciated that the radiative decay 
of an isolated atom as well as the radiative interaction 
between different atoms can be strongly affected by the 
environment. As first noted by E.M. Purcell 0, Q the 
presence of conducting walls can strongly accelerate or 
suppress spontaneous emission. Inhibited emission 
enhanced decay Q , and the suppression of blackbody ab- 
sorption |5|,|6j have been observed with Rydberg atoms in 
cavity systems. Alterations of the spontaneous emission 
rate have also been observed near dielectric interfaces 
and in quantum- well structures §. Furthermore pho- 
tonic band-gap materials with an engineered density of 
states of the radiation field can lead to suppression or 
acceleration of spontaneous decay 0, 0] . 

In this paper we discuss QED effects of single atoms 
and pairs of atoms in the presence of artificial materi- 
als showing negative refraction. Negative index materials 
were first predicted by V. Veselago [ll| , who showed that 
simultaneous negative values of the dielectric permittiv- 
ity e and the magnetic permeability fi imply a negative 
index of refraction. These so-called left-handed materials 
have attracted a lot of attention, when J. Pcndry noticed 
that the possibility of a vanishing optical path length be- 
tween two separated points using media with a negative 
index of refraction allows for a perfect lens with a reso- 
lution not limited by diffraction ^1 ■ Such a lens formed 
by an infinite parallel slab of lossless left-handed mate- 
rial of thickness d collects all plane waves from a point 
source on one side of the slab in a focal point on the other 
side. If the refractive index of the material is n = — 1, 
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the distance between the two focal points is 2c?, while the 
optical path between them vanishes. We will show here 
that the same effect can lead to a drastic modification of 
the radiative decay of a two-level atom placed in front 
of a conducting surface (Purcell effect) and the radiative 
interaction between two atoms even if the involved dis- 
tances are large compared to the resonance wavelength. 
We show that spontaneous emission from an atom with 
distance 2d from the surface of a perfect mirror can be 
completely suppressed for dipole orientations in the plane 
of the mirror, if the space between atom and mirror con- 
tains a slab of n = —1 material with thickness d. With 
this an effect otherwise occurring only within a distance 
small compared to the transition wavelength would be 
observable for macroscopic distances. We will show fur- 
thermore that two atoms put into the focal points of an 
ideal Veselago-Pendry lens behave as if both would be in 
the same position i.e. they show perfect Dicke-sub and 
superradiance [l3| . 

After summarizing the basic properties of left-handed 
materials and analyzing the conditions for their existence 
for the case of realistic i.e. causal, and in general lossy 
magneto-dielectrics in Sec. II, we will discuss the alter- 
ation of the spontaneous emission rate of an atom em- 
bedded in a left-handed material in Sec. III. It will be 
shown that the modification of the spontaneous emission 
rate due to the changed density of states is not anymore 
given by t he index of refraction n as in dielectric ma- 
terials ,14], but by the product /j,n, which remains pos- 
itive also for lossless negative-index materials [T5]. We 
will then analyze the radiative decay of a single two-level 
atom in front of a perfect mirror with a layer of negative 
index material in Sec. IV and the radiative coupling of 
two atoms in the focal points of a Veselago-Pendry lens 
in Sec.V. Finally in Sec. VI we will discuss limitations 
due to finite absorption, a finite transversal extension of 
the lens as well as due to dispersion, which necessarily 
accompanies negative refraction. 
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II. ELECTRODYNAMICS OF MEDIA WITH 
NEGATIVE REFRACTIVE INDEX 

Macroscopic electrodynamics in linear, isotropic media 
is completely characterized by the two material functions 
dielectric permittivity e and magnetic permeability [i. e 
and ll relate the vector of the polarization P to that of 
the electric field E and, correspondingly, the vector of 
magnetization M to that of the magnetic field B. The 
most general expressions for P and M in linear isotropic 
magneto-dielectrics read: 



root to take. Noting, that the imaginary part of n(r, uj) 
characterizes the absorption of the medium, for a passive 
medium Im[n(r, u)] > should hold, which fixes the root. 
As can be seen from figure ^ the correct choice is 
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Here £r,lir and £/,/i/ denote real and imaginary parts 
of e and fj, respectively. With this one finds for the case 
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where kq = 1/fiQ. xd and xm are the electric and mag- 
netic susceptibilities respectively. For causality the sus- 
ceptibilities have to be zero for t < 0. The dielectric 
permittivity e(to) then reads 
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FIG. 1: n 2 for Re[e],Re[p] both being negative. The two 
possible complex square roots are indicated by circles 



Correspondingly the magnetic permeability fi — 1/k is 
given by 
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Causality requires that the poles of e(u>) and fx(u>) are 
in the lower half of the complex plane. s(u>) and fJ,(u>) 
usually have a resonance structure in w-space, e.g. 
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For sufficient strength of the resonance, i.e. for ujp e , u>p m 
large, both Re[e] and Re[fi] may become negative for cer- 
tain frequencies. 

Suppose that at a particular frequency e = /x = — 1 
holds. Then the question arises what are the implications 
on the refractive index n(r,u>)? From the definition of 
n(r, to) 



It is easy to see from eq.© that a negative real part of 
the refractive index occurs if and only if jl( : il| 

7T > arccot ( — ) + arccot ( — ) > tt/2. (11) 
£/ Ml 

In figElwe have illustrated the frequency dependence of 
the index of refraction for the single-resonance model 
given in (|5I6|) . For frequencies around ui = 1.05a;r e the 
negativity of Re[n] is clearly recognizable. 

The example of figure |2] shows a strong dispersion of 
the material functions e{u>) and li(lo). In fact, as pointed 
out already by Veselago, this is a general property of 
negative-index materials. Considering the energy of the 
electromagnetic field in a non-dispersive medium 
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n(r,w) 2 = e(r,w) ■ fi(r,u) 
one might conclude 

n = V£~M = y/(-l) ■ (-1) = V 7 ! = 1. 
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one recognizes that negative values of e and fi would lead 
to a negative energy. Therefore a negative index of refrac- 
tion is necessarily associated with dispersion, in which 
case the energy of the electromagnetic field reads 



However, as pointed out by Veselago |ll|. since £ and /i 
are complex functions, one has to decide which complex 
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FIG. 2: Re[n(u>)],Im[n(uj)}, Re[e(u)] and Reh*(w)] using 
eqs.JKJ and ©. Parameters: ojp e = u>p m = 0,46cJT e ; 

WTm = l,05(JTe; 7e = 7m = 0,01tJTe- 



wich is positive even for negative e and if the dispersion 
is normal and sufficiently large, such that 
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In the following we want to discuss some of the pecu- 
liar aspects of light propagation in negative- index materi- 
als. Making use of the boundary conditions between me- 
dia with positive and negative refractive indexes, namely 
E^.H^ being continuous as well as DH,BH, one finds 
that an incident plane wave is refracted to the same side 
of the normal as shown in figure [3] This behavior is fully 
consistent with Snclls law 
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FIG. 3: Boundary between positive and negative refraction. 
In a material with a negative refractive index, the refracted 
wave goes to negative angles. 

Besides strong influences on Doppler and Cherenkov 
effects |Tlj . the most prominent effect of the negative 
refraction is probably the so-called perfect lens formed 
by a slab of a LHM. It was Veselago [llj who, when first 
studying the properties of lenses formed by a left-handed 
material, found that an infinitely extended slab of a LHM 
collects all plane waves coming from a point source not 
too far away from the surface in a focal point on the 
other side of the slab (fig. 0J. For a slab of thickness 
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One striking feature of negative refraction is, that the 
wave vector of the refracted wave k r points backward 
which is due to conservation of momentum parallel to 
the surface. As a result the vectors k, E, H form a left- 
handed tripod instead of the ususal right-handed one. 
Materials with a negative index of refraction are therefore 
also called left-handed media (LHM). 

On the other hand the Poynting vector S = E x H 
clearly forms a right-handed tripod with E and H and 
therefore points in the correct direction, namely away 
from the surface, as it should be due to conservation of 
energy (dashed arrows in fig. [3J|. 



FIG. 4: Perfect lens formed by a infinitely extended slab of a 
LHM. The optical length between the foci Pi and P2 is zero. 

d the distance between the two focal points is d(l — n), 
where n is the refractive index of the LHM. Noting that 
the optical path-length between points P\ and P2 

T pt - = (d(l - n) - d) + nd = 0, (16) 

the perfection of the lens becomes clear. The lens sim- 
ulates point P 2 to be at the same spatial position as 
point Pi. Traveling a zero path no information about 
the source can get lost, including that contained in the 
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unlimited resolution of the source 
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III. SPONTANEOUS EMISSION OF AN ATOM 
EMBEDDED IN A MEDIUM WITH NEGATIVE 
REFRACTION 

It is a well known fact, that the natural lincwidth T of 
a dipolc allowed transition is not an intrinsic feature of an 
atom, but depends on the local environment. Based on 
an analysis of the density of states of the radiation field 
Nienhuis and Alkemade predicted for an atom embedded 
in a homogeneous transparent dielectric with refractive 
index n 



T = T n, 

where Tq is the free-space decay rate: 
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with d being the dipole moment and to a the atomic tran- 
sition frequency. It was seen later on that ea.l |17(l does 
not give the correct behavior of T since the macroscopic 
description of the surrounding medium fails in the im- 
mediate environment of the probe atom. To correct this 
in leading order of the medium density, local-field cor- 
rections need to be included. Several models have been 
established for this. The one that best describes a substi- 
tutive probe atom in a cubic-lattice host is the so-called 
real-cavity-model |l7j in which 



T — nToC ieaX . 



(19) 



Here £ roa i = 3e/(2e + 1) is the Glauber-Lewenstein fac- 
tor which accounts for near field effects. This model as- 
sumes the atom to be located at the center of a small 
empty cavity surrounded by the dielectric body which is 
treated macroscopically (see fig. 




FIG. 5: Real-cavity model: the atom is located at the center 
of an empty cavity surrounded by the dielectric body. 

When considering atoms embedded in negative index 
materials eas. <|17[) and (|19fl are obviously not correct, 



since T would become negative in this case. This is 
because these ex pres sions are derived only for dielectric 
surroundings [TtIIISI] , where the contribution of the mag- 
netic dipoles of the material was neglected. 

Following Fermis golden rule the rate of spontaneous 
emission of an electric dipole transition is given by the 
imaginary part of the retarded Greensfunction G of the 
electric field at the position ya of the atom and at the 
transition frequency u>a |15| 
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Here di is the Cartesian ith-component of the dipole mo- 
ment. The influence of the surrounding on the mode 
structure is contained in the Greenstensor G. Thus in 
order to include the effect of the magnetic dipoles of the 
left-handed medium, the Greenstensor needs to be cal- 
culated for the case of a magneto-dielectrics. Thus the 
solution of the equation 



V r x [(c(r,w)V r x] - 
= <5(r-r')l 



c2 e(r,a,)jG(r,r» 



needs to be determined for given boundary conditions. 
Note the term k(t,u>) = 1//Lt(r,w) which is absent in the 
pure dielectric case |l8j . 

Since within the Glauber-Lewenstein model the atom 
is located in free space, the solution of (|21|) for the real- 
cavity (fig. EJ) can be expressed as a sum of the free space 
Greensfunction and a scattering term accounting for the 
boundary to the magneto-dielectric: 



G(r,r') = G™ c (r,r') + G s (r,r') 
with 

k 
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(24) 

Due to the symmetry of the geometry the scattering term 
can be expanded in a series of vector Bessel functions: 



M imn (r, k) = V x [Vw(r, k)r], 



(25) 



N lmn (r,k) = -Vx Vx tyw(r,fc)r], (26) 



^i mn {r,k) = j n (kr)P™ (cos 6) fi(mq 
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fi has the meaning of a cosine function for even I and of a 
sine function for I being odd. The j n are spherical Bessel 
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functions of the first kind and the P™ associated Legen- 
dre polynomials. The rather lengthy expansion factors 
C]^(fc) and Cjjf(fc) are given in [lflj . 

In the limit r, r' — > all terms but that with C]^ be- 
come zero. The rate of spontaneous emission of a 2-level 
atom embedded in a medium of arbitrary e and \i then 
reads 



r = r, 



o(l + Re[C^(^)]) 
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Here g = is the normalized radius of the cavity. This 
function can be shown to be strictly positive, as it should 
be for the rate of spontaneous emission. In the limit of 
vanishing imaginary parts of fi, s, and n, ea. (|28|l reduces 
to 
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which is the sought generalization of the formula of 
Glauber and Lewenstein (|19|l for pure dielectrics to the 
case of lossless but otherwise arbitrary magneto-dielectric 
media. For u = 1 equation (|3L)fl reduces to the dielectric 
case. 

The influence of the LHM on the rate of spontaneous 
emission for a resonance model using the example of 
eqs.Q and iJBJ is shown in figure Because of the sur- 
rounding medium the natural linewidth in the vicinity 
of the resonance can be either strongly enhanced or sup- 
pressed. 



IV. SUPPRESSION OF SPONTANEOUS 
EMISSION OF AN ATOM IN FRONT OF A 
MIRROR: MODIFIED PURCELL EFFECT 

In this section the modification of the Purcell effect, i.e. 
the suppression of the spontaneous emission of an atom 
in front of a mirror by a medium with negative refraction 
will be discussed. For this we consider the setup shown 
in fig. The atom is placed at a distance 2d from the 
surface of the perfect mirror and the space between atom 
and mirror is filled half by vacuum and half by a medium 
with n = — 1. 




0.90 0.95 1.00 1.05 1.10 1.15 1.20 

co A / co Te 



FIG. 6: Rate of spontaneous emission for the real-cavity 
model for the resonant functions JSJ and @. up e = uop m = 

0, AQulTe, UTm = l,05idTe and ~/ e = 7m = O.OlcJTe 
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FIG. 7: Atom in front of a LHM attached to a mirror. The 
optical length between atom and mirror is zero. The spatial 
regions z > 0, — d < z < 0, and z < —d are denoted by the 
numbers 0, 1, 2 respectively. 



In the absence of the medium, the emission rate of 
the atom is significantly affected only if the distance be- 
tween atom and mirror is small compared to the transi- 
tion wavelength [2(J ■ In this case the radiative decay for 
a transition with dipole moment parallel to the plane of 
the mirror vanishes, while that for an orthogonal dipole 
moment is enhanced by a factor 2. Since in the pres- 
ence of the negative index material as in figEl the opti- 
cal length of the path from the atom to the mirror equals 
zero, the question arises whether the LHM leads to prop- 
erties comparable to the case of the atom sitting on the 
mirror surface. To obtain an answer to this we note, that 
the rate of spontaneous emission of an atom in a linear, 
isotropic but otherwise arbitrary environment is given by 
(|2*U|l . Thus we only need to calculate the Greensfunction 
corresponding to the specific set-up. 

The retarded Greensfunction corresponding to a 
slab with a homogeneous and linear magneto-dielectric 
medium can be calculated by a plane wave decomposi- 
tion. Following |2l| one finds for the two positions r and 
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r' in vacuum on the same side of the slab 



(i? TE e(/c 2 )e lk - r + e(-fc z )e lK - ! 



(31) 
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where z < z' has been assumed. Since it is needed later, 
we also give the Greensfunction for r and r' being in 
vacuum on different sides of the slab 
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The superscripts 0, 1, 2 at the Greensfunctions denote the 
zones of positions r and r': z > 0, — d < z < 0, and z < 
—d respectively. For later convenience G 20 is given under 
the assumption of medium 2 being vacuum. We here 
have used the definitions k 2 = uj 2 /c 2 , k z = \Jk 2 — k\ 
and d 2 k± — dk x dk y . Furthermore K = fc^x + k y y — k z z 
and we have introduced the orthogonal unit vectors e = 
k x z/|k x z| and h = pe x k/ \k\, where p = 1 for a 
normal medium and p = — 1 for a LHM. i? TE , R™ and 
T TE , T™ are the reflection and transmission functions of 
the 3-layer medium for transverse electric and transverse 
magnetic modes. They read 
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(35) 



The result is shown in figure |S] for the case of the atomic 
dipole moment being parallel to the surface of the mirror. 
The thickness of the LHM is set to d = 100^. When 
the atom is put at a distance d before the LHM, which 
we want to denote as focal point, the rate of spontaneous 
emission is completely suppressed: 



L" - f) 

1 focus " u - 



(39) 



The spatial dependence of the linewidth shown in figure 
IHlis the same as for an atom in front of a mirror located 
at z — without LHM [23]. For atomic dipoles with 
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FIG. 8: Spatial dependence of the normalized rate of sponta- 
neous emission r"(z)/To for dipole parallel to mirror surface. 
z is the spatial shift in z-direction of the atom out of its focus; 
d is the distance from the focus to the surface of the LHM. 



orthogonal orientation to the mirror, the spatial depen- 
dence is also the same as in the case of no LHM but the 
mirror being at z = position (see |2fjj). In the focus this 
leads to an enhancement of the decay rate by a factor of 
2: 



focus 



. = 2r n 



(40) 
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Here k\ z = y/k'f — k']_ and k\ — e(u>)n(ui)uj 2 /c 2 . Rij and 
Sij are the reflection coefficients at the boundaries bet- 
ween media i and j for TE and TM modes respectively. 
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The behavior shown in figlHl can be understood in the 
j{k lz -k z )d j-gg-j following way: The combination of layers of vacuum (n — 
+1) and of negative index material (n — —1) with equal 
thickness d makes the space between atom and mirror 
to appear of zero (optical) length. Thus the atom in 
the focal point is equivalent to the atom being on the 
mirror surface. This result suggests the possibility to 
experimentally study spontaneous emission suppression 
of atoms near a mirror without the necessity of actually 
(37) putting the atoms on the surface. 



^ikj z 



£ikj z 



Setting i?i2 = — 1 and S12 = 1 to account for the per- 
fect mirror, we get the natural linewidth by substituting 
the corresponding result for G 00 into 



SUB- AND SUPERRADIANCE OVER 
MACROSCOPIC DISTANCES 



r=^Ml m[ G^(r^r A) ^)] 



(38) 



The observation of the last section, that a combination 
of a layer of positive and negative refraction can make a 
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spatial volume to appear to have vanishing optical thick- 
ness, suggests a different interesting application. If two 
atoms are put in the focal points of a Veselago-Pendry 
lens, as indicated in figlHl they should show a radiative 
coupling with a strength as if they would be at the same 
position in space. 
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FIG. 9: two atoms put into the focal points of a Veselago- 
Pendry lens with n = — 1. Focal points are all pairs of posi- 
tions at the two sides of the slab with distance 2d. The spatial 
regions z > (vacuum), — d < z < (LHM), and z < — d 
(vacuum) are denoted by the numbers 0, 1, 2 respectively. 



We now want to analyze this situation in detail. For 
this we start with the interaction Hamiltonian of two 
atoms at positions i"i and r 2 with the quantized electric 
field E in dipole and rotating-wave approximation: 



flww = -E(ri)di - E(r 2 )d 2 . 



(41) 



Eliminating the electromagnetic field using the usual 
Born-Markov approximations leads to a two-atom Liou- 
ville equation of the form 
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where &i = |1)«(2| is the atomic flip operator of the Ith 
atom from the lower state |1) to the upper state |2). The 
second and third term in l|42l) describe the spontaneous 
emission and Lamb-shift of the two individual atoms with 
decay rates r(r,,rj) and respective level shifts &j(rj,ri), 
(i = 1,2). However they also contain terms describing 
the radiative interaction between the atoms containing 
a dissipative cross coupling proportional to T(ri, r 2 ) and 
a conditional level shift proportional to <5o;(ri, r 2 ). The 
single-atom and cross-coupling rates are given by an ex- 
pression similar to (|20|l : 



o, ,2 j j 

T(v k ,v l ) = ^p-Im[G ij (r k> r l ,uj A )]. 
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The level shifts read 
didj 



hireo ' 



duj ■ 



Im [Gij(r k ,ri,u>)] 
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(43) 



(44) 



The single-atom Lamb shift £a;(r,-,rj) is not accurately 
described within the present theory and will be ignored 
in the following. One recognizes from 143(1 and Q44JI that 
the radiative interaction between the two atoms is deter- 
mined by the imaginary part of the retarded Greensfunc- 
tion between the positions ri and r 2 of the two atoms. 
In free space the value of G rapidly decreases if the rela- 
tive distance |ri — r 2 | becomes larger than the transition 
wavelength A. Consequently the radiative interaction is 
negligible except for very small distances. As will be 
shown now this situation changes if the atoms are put 
into the focal points of a Veselago-Pendry lens. 

In order to see the effect of the radiative coupling it is 
convenient to use as a basis for the two-atom system be- 
sides the total ground state |11) and the doubly-excited 
state j 22) the symmetric and antisymmetric combina- 
tions of one atom being excited (|2)) and one atom being 
in its ground state (|1)): 



7l( |12) + |21> )< 

^(112) -121} 



(45) 
(46) 



In terms of these basis states we arrive at the following 
density-matrix equation 



P22 = 

Pss = 
Paa 

PU = 



-2T n pz2, 
-(T n + Ti 2 )p s 
-(T n - ri 2 )p a 

+(ru + ri 2 )p s 



(47) 

(r u + ri2)p2 2) (48) 

■ (r u - ri 2 )p22, (49) 
(ru - TiaKa, (50) 



where we have disregarded the level shifts and is a 
short notation for T(ri,rj). One recognizes from the 
above equations that the decay channels through the 
symmetric and antisymmetric superpositions differ by 
the cross-coupling contribution ±Pi 2 . If the two atoms 
are in free space at the same point Ti 2 = Tn = T 22 . In 
this case the antisymmetric state does not decay at all, 
while the symmetric one decays with twice the single- 
atom decay rate. This is the situation of Dickc sub- and 
superradiance [liij . 

Let us now calculate the rates Tn, T 22 and ri 2 i.e. the 
imaginary part of the Greensfunction for the situation of 
figEl Since at the boundary between vacuum (n = +1) 
and LHM (n = —1) there is no reflection, i.e. R TE = 
R™ — one finds for the case of both positions being 
on the left side of the lens (region "0" ) 



Im[G£°(r,r)] = Im 



dk 1 



Stt 2 Jo yjk 2 - k'i 

((1 + R TE e l ^^ d )7r 

k 

(51) 
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The same result holds of course for both positions being 
on the right side of the lens (region "2" ). A corresponding 
calculation for r being on the left side (region "0") and 
r' being the other focal point of the lens r + 2de z yields 



i f°° 

Im [Gf?(r , r + 2de z )} = Im— / dk A 

o7T J Q 



k± 



^k 2 - k'j 



■ eOVt^d . (r TE n + T™n(l - ^) 
_k_ 

(52) 

where T TE = T™ = e l ^'~ k ^ d and k lz = -k z jHSEBjl 
have been used. Thus we recognize that the imaginary 
part of the Greensfunction between the two focal points 
is identical to that at the same position. As a conse- 
quence T 12 = r n and there is perfect sub- and super- 
radiance, despite the fact that the distance between the 
focal points can be much larger than the resonance wave- 
length. Fig^| illustrates the dependence of the ratio 
r^/Tii on the spatial displacement of the second atom 
from the focal point of the first. 



rii'r,. 




10 x-shift [W2ti] 



Z-Shift [W27t] 2 °30" 



FIG. 10: Fi2/rn as function of the spatial shift, parallel 'x' 
and orthogonal V to the surface of the LHM, of one atom out 
of the focus of the other one. In the focal point (0, 0) perfect 
sub- and superradiance is obtained. Here the dipoles of both 
atoms are oriented in ^-direction 

One recognizes from fig. HUI that for the imaginary part 
of the Greensfunction of the ideal Veselago-Pendry lens 
holds 

Im[G(r - 2de Zl r, to)} = Im[G(r, r, w)]. (53) 

It should be noted here that a relation similar to l|53|) 
does not exist for the real part of the Greensfunction. If 
this would be true the electric field pattern at the two 
focal points would be identical in violation of Maxwells 
equations. It should also be noted that relation (|53() holds 
only within a certain range of frequencies u> due to the 
necessarily dispersive nature of the LHM. The limitations 
arising from this will be discussed in the following section. 



VI. LIMITATIONS 

In sections llVl andrVltwo systems involving perfect left- 
handed materials were discussed. We here turn to the 
question what are the limitations of the observed effects 
under more realistic conditions, i.e. when taking into 
account absorption losses, a finite transversal extension 
of the LHM slab, and dispersion of the medium. 



A. Absorbing LHMs 

First of all to describe a more realistic LHM one has to 
take into account absorption. This can easily be done by 
substituting the refractive index n = — 1 of the perfect 
LHM by n = —1 + mj, i.e. by adding an imaginary part. 

For the mirror-system of sect. IV, figure ^2 shows the 
dependence of r"/To on the absorption coefficient uj for 
different thicknesses of the LHM. As can be seen, the sup- 



1.0 



o.s 



0.6 



0.4 



0.2 




FIG. 11: r"/ro as function of imaginary part of refractive 
index m for Re[n] = — 1 and different thickness d of the lens, 
d = 100A/2tt (solid line), d = 10A/2tt (dashed), and d = 
1A/2tt (dotted). 



pression of the spontaneous emission, for atomic dipoles 
parallel to the mirror, decreases with increasing absorp- 
tion as expected. The sensitivity to absorption is approx- 
imately exponential in nid. 

In figure El the same is shown for the system with 
the lens. As expected, T12/T11, and therefore the effect 
of the sub/superradiance reduces with increasing absorp- 
tion coefficients ni. The dependence on the thickness of 
the lens is again exponential. 



B. Finite transverse extension of the LHM 

In experimental implementations the slab of LHM will 
always have a finite transversal extension. We therefore 
analyze here the dependence of the LHM-induced effects 
on the transversal radius of the medium. The thickness 
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log 10 [nj] 

FIG. 12: F^/Fn as function of imaginary part of refractive 
index ni for Re[n] = —1 for different thicknesses d of the 
lens, d = 100A/2tt (solid line), d = 10A/2tt (dashed), and 
d = 1A/2tt (dotted). 



of the LHM is denoted by d, the transverse extension by 
a (fig. US). 




d 



FIG. 13: Finite extension of the LHM in transverse direction. 

Because of the finite radius the 1-D character of the ge- 
ometry is no longer given and the Greensfunction cannot 
be calculated analytically. A numerical solution for the 
Greensfunction is also very difficult. Noting, however, 
that only propagating modes with k± < k contribute to 
the imaginary part of the Greensfunctions, one can ob- 
tain an estimate of the effect in the short-wavelength or 
ray-optics limit (d^> A) . 

For the system with the mirror this means, that for the 
integrand over k± in the definition of the Greensfunction 
(|31fl one should use the expression for G L jj M only for 
values 

a 

k± < k d (54) 

This corresponds to angles a of the propagating modes 

less than sinev = - = k±/k (fig. I13[) . For greater 

V a 2 + d? 

angles the result depends strongly on whether or not the 
mirror has also a finite transversal extension. When the 
mirror has the same transversal radius a one has to use 
G V ac (dashed line fig. I14f> . otherwise the expression for 



G^HM needs to be taken, but n = — 1 being substituted 
by n = 1, (solid line fig. I14|) . 




o ' 1 1 1 1 1 1 1 ' 

12 3 4 

a [XI 2jt] 



FIG. 14: r"/ro as function of transversal radius a of the LHM 
with thickness d = 3tt-. The mirror itself was assumed to be 
infinitely extended (solid) or of the same dimension as the 
LHM (dashed). 



For the system with the lens an estimate of the effect of 
a finite transverse radius is given here only for a symmet- 
ric setup, i.e. the distance of both atoms to the surface 
of the lens being d/2. Under this assumption the sought 
result can be obtained easier than for the mirror case, 
since the atoms are macroscopically separated. In this 
case the Greensfunction G V ac(ri,r 2 ) is essentially zero 
and the integration over k± can effectively be limited to 
values 

k± < k d (55) 

\/i + (i) 2 

with the integrand being the usual expression for 
G 20 (ri,r2). As can be seen from figure [TBI even for a 
moderate ratio a/d a close to 100% sub/superradiance 
can be obtained. 



1.0 




1 2 3 4 

a/d 

FIG. 15: ri2/rn as function of the normalized transversal 
radius a/d. 
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C. Dispersion effects 

The spontaneous emission is given by the imaginary 
part of the retarded Greenstensor at the transition fre- 
quency (|2U|l . Therefore the predictions of sections llVl 
and Ivl hold as long as the frequency range with n = — 1 
is large compared to the natural linewidth T. 

The previous discussion suggests, that if the LHM used 
for the lens in sect. E]has arbitrarily small losses in the 
frequency range of interest and also has a sufficient large 
transversal extension, sub- and superradiance is possible 
for two atoms at arbitrary distance. For causality reasons 
this is of course not possible. The solution of this seem- 
ing contradiction lies in the necessary dispersion of a left- 
handed material as discussed in sect. II. The positivity of 
the electromagnetic energy in a lossless LHM requires 

that ^(«Re[e(w)]) > 0, and ^(wRe[p(w)]) > 0, 

which implies for n(u>o) = — 1 : 



d . . 1 
— n(w ) > — ■ 



(56) 



As a consequence of the dispersion of the refractive index, 
the frequency window Acu over which G 2a (uj) w G 00 (uj) 
narrows with increasing thickness of the lens. When 
Aui becomes comparable to the natural linewidth of the 
atomic transitions Tn, the Markov approximation im- 
plicitly used for the derivation of ea. l|42|) is no longer 
valid. To give an estimate when this happens, we note 
from eas.l|52 )l -(|57 )l that for d > A the term in G 20 that 
is most sensitive to dispersion is the exponential factor 
e iK (r-r ) e i(k 1I -k z )d _ Taking into account a linear dis- 
persion of n(us) in this exponential factor, according to 
n = — 1 + a(uj — loq), with a real value of a, while keeping 



the resonance values for T TE , T™ 
finds for the Greens-tensor 



and R TE , R™ , one 



Im[G 2 »] = ^Re 



d£(l + £ 2 )e l ^ Q(l ^ o) 



1.(57) 



As can be seen from Fig. ^j]the spectral width Au of 
the Greensfunction is in this approximation of order 



Ato « (koda)~ 



(58) 



Since as mentioned above for a lossless LHM a > 1/uJo, 
one arrives at 



Au < c/d. 



(59) 



This leads to an upper bound for the distance of the 
atoms. The requirement Au 3> Tn leads to 



d < 



r u 



(60) 



This condition can easily be understood. It states that 
the distance between the two atoms must be small 
enough such that the travel time of a photon from one 
atom to the other is small compared to the free-space 
radiative lifetime. 
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FIG. 16: Im[G 2t V)] following from oq.lgTJ for lossless LHM 
with n — — 1 + a(u — ujo) for a = 45/cjo for dko = 1 
(dashed), 0.2 (dotted). Also shown is the numerically cal- 
culated spectrum for a specific causal model for n(u) with 
resonances of e(w) and /u(w) below u>o. n(w) was chosen such 
that Re[n(ajo)] = — 1 and a = 45/c^o- The central structure is 
well represented by the linear-dispersion approximation 15711 . 
Furthermore a narrowing of the spectral width with increasing 
thickness is apparent. 



VII. SUMMARY 

In the present paper we have studied the interaction 
of an isolated atom or a pair of atoms with the quan- 
tized electromagnetic field in the presence of media with 
negative index of refraction. An expression for the rate 
of spontaneous emission of an atom embedded in a LHM 
was derived (see also |15|) which is a generalization of 
the Glauber-Lewenstein result 01 to magneto-dielectric 
media. We have shown that the negative optical path 
length occurring in left-handed materials can be used to 
induce strong QED effects over large distances, which 
in vacuum occur only on sub- wavelength length scales. 
Considering an isolated atom in front of a perfect mirror 
with a layer of LHM of thickness d we found an inter- 
esting modification of the Purcell effect. Spontaneous 
emission was found to be completely suppressed for an 
atom placed at distance 2d from the mirror in vacuum. 
It was shown furthermore that two atoms in the focal 
points of a Veselago-Pendry lens, consisting of a parallel 
slab of ideal LHM, display perfect sub- and superradi- 
ance. A principle limitation of the involved length scales 
is given only by the intrinsic dispersion of left handed ma- 
terials which prevents the strong radiative coupling over 
distances larger than the propagation distance of light 
corresponding to the free-space radiative decay time. We 
anticipate that the unusual property of LHM to lead to 
negative optical path length will have a number of inter- 
esting applications an example being zero-optical length 
resonators. On the other hand much of the present dis- 
cussion is still only of academic interest since until now 
no low-loss negative index materials are known for the 
interesting case of optical frequencies. 
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